Abstract -A numerical algorithm for solving the Navier-Stokes equations for incompressible viscous fluid in an arbitrary two-dimensional region on nonstaggered grids is presented. The idea of the transition to a general curvilinear coordinate system, transforming the physical region into a parametrical square is used. For the discrete solution an unconditional a priory estimate has been obtained. The results of the benchmark computations for a driven skewed cavity flow and the results of the fluid flow modeling in a cavity of an arbitrary shape are given.
Introduction
One approach to the numerical solution of partial differential equations in the regions of arbitrary shape is the introduction of general curvilinear coordinates transforming the initial region in the physical space into a parametrical square in the computational space of curvilinear coordinates [14] . The initial equations are transformed to new independent variables and are solved in the computational space on a rectangular difference grid making it possible to use the classical methods of the difference scheme theory.
The staggered [6, 8, 12, 16] and nonstaggered [1, 3, 17] grids can be used for the numerical solution of the transformed Navier-Stokes equations in natural variables. The use of nonstaggered grids in the above papers supposes the interpolation of the velocity field to the cell faces.
In this paper difference schemes for the solution of the Navier-Stokes equations in an arbitrary region on nonstaggered grids based on the second order approximations in the grid nodes are used. In developing a computational algorithm, we have used an approximation of the diffusion operator with mixed derivatives, and for the elimination of the discrete solution oscillation we have introduced a pressure-containing regularizing term into the incompressibility condition. At the same time the convective difference operator has the property of cross-symmetry and the diffusion operator is self-adjoint and positive definite. For the discrete solution we have obtained an unconditional a priori estimate. The proposed algorithm for the computation of a viscous incompressible fluid flow in an arbitrary region is the generalization of the results obtained in [15] for the case of the rectangular region.
The potentialities of the method are illustrated by the test problem solutions [2, 7] and the results of modeling the fluid flow in a cavity with a curvilinear boundary.
Problem formulation
Consider a two-dimensional problem of determining the velocity components of an incompressible fluid flow as well as the pressure in an arbitrary two-dimensional region Ω. The above parameters are determined from the incompressibility condition and the equation of motion, completed by the boundary and initial conditions
where C(v) is the convective operator, Re is the Reynolds number, f (x, t) is the source term, and ∆ is the Laplace operator. Note that homogeneous boundary conditions of the first kind are used to simplify the presentation. We use the skew-symmetric form of the convective term as the half-sum of convective terms in divergent and nondivergent forms [11] 
If the incompressibility condition (2) is satisfied, then the divergent, nondivergent and skewsymmetric forms of the convective term are equivalent. For the unique determination of the pressure we use the additional condition
3. Transition to a general curvilinear coordinate system
One of the methods used to solve problems of mathematical physics in regions of arbitrary shape is the transition to a curvilinear coordinate system when the boundaries of the region coincide with the segments of the coordinate lines. The advantage of such an approach is a strict approximation of the transformed boundary conditions of any type without additional interpolation.
We assume that there is a nonsingular one-to-one transformation ξ = ξ(x, y), η = η(x, y), converting a physical region of an arbitrary shape Ω into the square region Ω ξη = (ξ, η) , 0 ξ 1, 0 η 1 in the space of curvilinear coordinates (ξ, η).
Problem (1)- (6) in the new variables is presented as follows:
where Here g 11 , g 12 , g 22 are the metric coefficients, J is the Jacobian of the inverse transformation
It is easy to check that the equality
is correct, so the corresponding quadratic form is positive definite [10] 2 n,m=1
Let H = L 2,J (Ω ξη ) be the Hilbert space of functions with the inner product
and the corresponding norm u 2 = (u, u). We define the Hilbert space H 2 = H ⊕ H for the set of vectors v so that
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We define H 2 * as the subspace of H 2 of the functions satisfying the incompressibility condition div ξη v = 0.
To shorten the presentation, we write problem (7)-(10) in the following form:
where
The solution of problem (12) is sought on the subspace of functions from H 2 * vanishing on the boundary ∂Ω ξη . At the same time the problem statement implicitly contains the boundary and incompressibility conditions, while notation (13) permits formal interpretation of the property of negative conjugation of the gradient and divergence operators as the property of skew-symmetry of the operator P .
Using the formulas of summation by parts and incompressibility condition (8), we prove that the operators P and C ξη (v) are skew-symmetric
and, taking into account (11) , the operator N is positive definite
Hence the following a priory estimate of the solution of nonlinear problem (12) is correct [11] :
In this case, the estimate ensures that the solution v is bounded.
Difference approximation
We introduce the uniform gridω = ω ∪ ∂ω with steps h ξ and h η in the computational region Ω ξη . Here ω is the set of internal nodes, ∂ω is the set of boundary nodes. We approximate the metric coefficients and the Jacobian of the inverse transformation in the following way:
Here and further on we use the standard notation of the difference scheme theory from [9] . The coefficients B 11 , B 12 , B 22 are approximated in the form
is correct, so the corresponding quadratic form is positive definite 2 n,m=1
Let H be the finite-dimensional Hilbert space of grid functions with the inner product
We define H 2 * as the subspace of the functions from H 2 = H ⊕ H vanishing on the boundary ∂ω.
The gradient and divergence operators are approximated in such a way that the following equation is correct:
Using second order approximations inside the computational region, the pressure gradient is approximated as follows:
Taking into account the formulas of summation by parts and w ∂ω = 0, we write the approximation of the velocity divergence in the curvilinear coordinate system from equation (15) in the form
We consider the problem, differential with respect to time and differenced with respect to space, in accordance with problem (12)
for smooth enoughf (θ, t), v 0 (θ). The solution of the problem is sought on a set of vectors w from the space H 2 * of grid functions satisfying the difference incompressibility condition
In problem (16) , the difference operators are assigned as
From equations (15), (17) we get
Using the analog of equation (15) for the velocity components
we obtain (C h (w)w, w) = 0.
Hence the operators P h and C h (w) are skew-symmetric. The operator N h is self-adjoint and, according to (14) , is positive definite [9] (N h w, w) > 0.
On a time-uniform grid with the time step τ we write the implicit scheme for problem (16) with a linearized convective term
Finally, difference scheme (20) approximates problem (12) 
Computational algorithm with regularization
Implementing scheme (20), we use the Douglas-Rachford splitting method [4] . As a result, the computational algorithm is divided into three stages.
At the first stage, we solve the following equation to get w
At the second stage, we solve a discrete elliptical problem to calculate the pressure correction. For this purpose at the second fractional step we consider the equation
Introducing notation δp = p n+1 − p n , we rewrite (22) in the form
Finally, substituting (23) into (17), we get the following equation for the pressure correction δpΛ
whereΛ
Note that the solution of problem (24) presupposes the solution of four discrete elliptical problems on nonintersecting sets of nodes of the gridω, leading to oscillations of the discrete solution. To solve this problem, we suggest to introduce into the incompressibility condition a pressure-containing regularization term. Following the approach suggested in [15] for the case of a rectangular region, we demand that after introducing new terms 1. a positive definite and self-adjoint operator on a nonexpanded stencil should be used in the pressure correction problem;
2. additional terms do not make the order of approximation worse;
3. the general mass balance is not broken;
4. the operator P h should be nonnegative (P h w, w) 0 for obtaining an a priopi estimate of the discrete solution.
To meet these demands, we consider the discrete analog of the incompressibility condition in the following form:
Substituting (23) into (25), we obtain the following discrete elliptical problem at the second stage of the computational algorithm
At the third stage, the pressure and velocities are calculated on the next time level
We consider the properties of the operators Λ andΛ operating on p ∈ H, p(θ) = 0, θ ∈ ∂Ω.
Taking into account the presentation of the operator Λ in form (26), we consider Λ ξ separately:
and using the formulas of summation by parts, we obtain
The similar equation can be written for Λ η :
Finally, the following equation for Λ is correct:
In the same way forΛ we get
hence the operators Λ andΛ are self-adjoint
Using (14), we prove that the operators Λ andΛ are positive definite
Now we consider the properties of the regularization term. We can prove that
Taking into account (14) , the following inequality is correct:
hence, we prove that the operator P h is positive definite
On the set of functions with the normal derivative vanishing on a boundary the operator Λ approximates the Laplace operator with the first order and the operatorΛ -with the second order. This restriction comes with the need of obtaining equation (28) and estimates (29), (30) consequently.
Taking into account that the operators Λ andΛ are self-adjoint, we write
thus, the introduction of the additional term into the incompressibility condition does not brake the difference analog of the integral mass conservation law. The discrete analog of the solvability condition of problem (27) in the form
follows from (32) and (15).
Discrete solution estimate
To obtain an a priory estimate of the discrete solution following [15] , we write equations (21) and (22) in the form
Taking into account equations (18), (19) and (31), we get
We consider the following intermediate equation:
as the result of the composition of equation (33) and equation (34) multiplied by two. Multiplying it scalarly by (E + τ A 2 ) w n+1 and using the Shwarz inequality for the right hand side estimate, we obtain
In the same way for (33) we get
Using the following inequality for any operator B 0:
and inequality (36), we obtain the estimate of the second term of the right hand side of inequality (35)
Finally, the following estimate is correct:
Taking into account the equality
and A 2 = P 0, we get
From (37)- (39), we obtain the required a priory estimate of the discrete solution in the space
Note that the estimate above is unconditional, i.e., it is obtained without any restrictions on the parameters of the computational grid.
Numerical experiment
A set of numerical experiments on the computation of the flow parameters in a cavity with the moving top wall has been performed using the proposed algorithm. We have considered nonstationary and stationary solutions. The criterion for obtaining a stationary solution is w τ ε, where ε = 10
. For the solution of the system of linear equations with a symmetric matrix determining the pressure correction and for linear problems with a nonsymmetric matrix determining the velocity field, the conjugate gradient method [11] and the modified strongly implicit method [13] have been used respectively.
We have compared the obtained steady-state results of the numerical experiments with the known benchmark solutions of an incompressible fluid flow in a cavity of a square section [5, 15] and a skewed one [12] with the skew angles α = 30, 45
• . Table 1 compares the steady-state results of the computation of the maximum values of the stream function |ψ| max in the square cavity for the Reynolds number Re=1000 obtained by different methods. Similar data for the case of a skewed cavity are presented in Tab. 2 and 3. The differences between the results of the benchmark computations can be due to the presence of the regularization term in the incompressibility condition affecting the stationary solution. We have performed the numerical experiment to model a nonstationary incompressible fluid flow in a driven cavity of arbitrary shape. The transformation of the source region into a parametrical square is done using the elliptical generator of difference grids [14] . Fig. 1 gives the 41 × 41 difference grid in the physical region Ω.
The boundary value problem in the computational region Ω ξη for the system of equations (7)- (10) has been solved with the homogeneous initial condition v(θ, 0) = 0 and the following boundary conditions
where β is the skew angle of the moving top wall with the OX axis. The computational results (stream lines and isobars) for the nonstationary problem are presented in Fig. 2 . The results of the computations of the stationary (steady-state) solutions for the various Reynolds numbers Re=100, 1000, 3200 on a uniform 161×161 grid are given in Figs. 3-5 . Figure 6 shows the value |ψ| max versus time for different time steps τ on the 161×161 grid. A good accuracy of the solution of the nonstationary problem is achieved at τ 0.25.
In practice the value of τ is chosen from the solution accuracy demands and does not affect the stability of the algorithm. 
Conclusions
The computational algorithm for the solution of the Navier-Stokes equations in natural variables on a nonstaggered grid in an arbitrary region is proposed. The second order approximations in the grid nodes and the Douglas-Rachford splitting method have been used in implementing the algorithm. The convective difference operator is skew-symmetric and the diffusion difference operator is self-adjoint and positive definite. The a priory estimate for the discrete solution has been obtained.
The regularization term for the elimination of oscillations of the discrete solution arising on nonstaggered grids has been added to the incompressibility condition and its properties have been examined. The use of the regularization term does not make the conservativeness of the difference scheme worse and does not affect the a priory estimate of the discrete solution. At the same time the algorithm is still easy to implement.
The proposed algorithm has been checked on a series of test problems and its efficiency for obtaining of stationary and nonstationary solutions has been proved. The first order of approximation of the incompressibility condition at boundary nodes in the computational space is the chief disadvantage of the scheme.
